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“Architected materials designed with higher-order homogenization”

» Scientific objectives:

» Derive a predictive homogenization scheme for strain gradient
elasto-static continua

» Generate new microstructures from topology optimization

» Validate the non-standard behavior from experiments
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Long range strain-gradient effects in elasto-statics?
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Long range strain-gradient effects in elasto-statics?

Higher orders of the two-scale asymptotic expansion feature strain-gradient
source terms (Boutin, 1996; Triantafyllidis and Bardenhagen, 1996)...
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Long range strain-gradient effects in elasto-statics?

Higher orders of the two-scale asymptotic expansion feature strain-gradient
source terms (Boutin, 1996; Triantafyllidis and Bardenhagen, 1996)...

» Finite Contrast (no voids, no rigid inclusions)
> Always first-gradient equivalent medium at leading order

» Higher-orders = short range strain-gradient effects
(Smyshlyaev and Cherednichenko, 2000)
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» Infinite contrast?

» No comprehensive homogenization method
> Abstract result (Camar-Eddine and Seppecher, 2003):

"All positive frame invariant quadratic forms are possible”
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Long range strain-gradient effects in elasto-statics?

Higher orders of the two-scale asymptotic expansion feature strain-gradient
source terms (Boutin, 1996; Triantafyllidis and Bardenhagen, 1996)...

» Finite Contrast (no voids, no rigid inclusions)
> Always first-gradient equivalent medium at leading order

» Higher-orders = short range strain-gradient effects
(Smyshlyaev and Cherednichenko, 2000)

> Infinite contrast?
» No comprehensive homogenization method
> Abstract result (Camar-Eddine and Seppecher, 2003):

"All positive frame invariant quadratic forms are possible”

Asymptotic expansion + infinite contrast?
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The compliant pantographic microstructure
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The compliant pantographic microstructure
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The compliant pantographic microstructure
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The compliant pantographic microstructure

pantograph strip
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The two scale asymptotic expansion

Unit cell Y Homogenized continuum
¥2 Y2
—_—
51 Y1
yi=7% Vi= 2

> Scale ratio: n = + < 1

[e.e]
» Expansion: u(x) =T Z nu(Y,y)
p=0

> Differential operators: V = 1 (YY + %Yy)

= Series of unit-cell problems loaded by: U(Y), E(Y), K(Y)...
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First-order unit-cell problems
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First-order unit-cell problems
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First-order unit-cell problems
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First-gradient homogenized energy

whom» — %E: C’:E

= C” is degenerate

Eigenstiffness C/

Junction thinness p
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lllustration of strain-gradient effects
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in-gradient effects

[[lustration of stra
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in-gradient effects

[[lustration of stra

PAS

PAPASASASASASASASASASASASASASA P& SASASASA LA
050505040505050000050000000 0 8 0 v
FAPAPASASAPASASAPAPASASAPASASASAPAPASA

S
v
A

gaam ot

v
A
Vi 'vie v Vie'vievie b i Vi b vie Ve b vie v

SOCCCTCT TSI

PEFAPASA SIS SIS AL,

p2
<
<
<
<
<
<
<
<
<
<
<
b2
<
b2
<
b2
<
3
<
3
<
3
<
3
<
3
<
<
<
b2
<
b2
<
b2
<
b2
<
b2
<
b2

DA 0005050005050 00 000 R

%

1.0

0.8

0.6

0.4

0.2

0.0

1.0

@
o

© < ~

o o o

'n Juawade|dsip pazijewioN

Normalized position x;/L

. Cauchy model, all p

¢ a2 v Full-scale simulations

== p

A. Lebée

=01

(Laboratoire Navier)



in-gradient effects
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in-gradient effects

[[lustration of stra
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lllustration of strain-gradient effects
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lllustration of strain-gradient effects
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Second-order unit-cell problems

Kagy = Eaps 4M(y) = 3K : (yoy) +nh'(y): (K-y) +? B(y):K,
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Second-order unit-cell problems

Kagy = Eaps 4M(y) = 3K : (yoy) +nh'(y): (K-y) +? B(y):K,
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cell problems

Second-order unit
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Strain-gradient homogenized energy?

2"d order truncation of displacement expansion:

u(y,¥Y) = U(Y) +nh'(y) : E(Y) + 07 b (y) : K(Y)

Averaged strain energy:

wheme = 1| E: CP: E+7PK": D K+174<YYK)T P HP (YYK>]
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Strain-gradient homogenized energy?

2"d order truncation of displacement expansion:

u(y,¥Y) = U(Y) +nh'(y) : E(Y) + 07 b (y) : K(Y)

Averaged strain energy:

wheme = 1| E: CP: E+7PK": D K+174<YYK)T P HP (YYK)]

Caveat!
» D’ not necessarily positive

> H” “regularizing”
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Retaining significant strain-gradient contributions
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Retaining significant strain-gradient contributions
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Retaining significant strain-gradient contributions
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Retaining significant strain-gradient contributions
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The well-posed strain-gradient homogenized model

P = projector on span { K111, K112, K121}, D" =P:D": P

= Positive strain-gradient homogenized energy density

1
Whm(E,K) = 3 (E:C7:E+1PKT: D K)
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Strain-gradient homogenized model
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Strain-gradient homogenized model
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|
The pantographic strip

11 x 60mm= 660mm

» Laser cut polyoxymethylene (POM), 2mm thick
> 1n=~9% and p~1.1%
» DIC averaged on each unit-cell
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Results
Weak clamp

Strong clamp
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Conclusion

Main results

. H H Fs Durand, B., Lebée, A.,
> The. asymp.totlc expansion yields predlc.t|v<.=.' Seppocher. P, Sab, K.
strain-gradient moduli when they are significant  pregictive strain-gradient
homogenization of a pantographic
» Experimental evidence of strain-gradient effects  material with compliant junctions.

Journal of the Mechanics and Physics of

in the linear elasticity framework Solids, 2022
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» Topology optimization:
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Emergence of elastostatic strain-gradient
effects from topological optimization.
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b

Outlooks

» Enriched continua?

» Finite deformations?
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Full scale problem and approximate solutions

» First-gradient model:
u®(x) = US(Y) +nh'(y) : E(Y)
» Strain-gradient model:
u>C(x) = UPS(Y) +nh'(y) : ESS(Y) + 17k (y) : K>6(Y)
» Error estimate:

X f: X f:
S(u) = [|u — u¥|]> /|u®[]2

Total displacement error w.r.t full scale simulations
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Comparison with full scale simulations

Influence of 3 parameters
» Scale ratio n

» Junction thinness p

» Microstructure relative position s
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Comparison with full scale simulations

Influence of 3 parameters
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